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XXV. A new Method of invejligatlng the Sums of infinite Series. 
By the Rev. S. VINCE, A. M. of Cambridge, in a 
Letter to Henry Maty, A. M. Secretary. 


Read June 6, 1782. 


S X R, 

H AVING lately difcovered forae very ealy methods of 
inveftigating the fums of certain infinite feries, I have 
taken the liberty of requefting the favour of you to prefent 
them to the Royal Society. I have divided the fubjedt into 
three parts: the firft contains a new and general method of 
finding the fum of thofe feries which de moivre has found in 
one or two particular cafes ; but whofe method, although it be 
in appearance general, will, upon trial, be found to be abfo- 
lutely impracticable. The fecond contains the fummation of 
certain feries, the laft differences of whofe numerators become 
equal to nothing. The third contains obfervations on a cor- 
redlion which is neceflary in inveftigating the fums of certain 
feries by collecting two terms into one, with its application t© 
a variety of cafes. 

I am, &c. 


Cambridge, 
May 3, 1782, 
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PART 


I. 


LEM. I. 

Let r he any whole number , and then the fluent of —L— 

i 4- ,v r 

can always be exhibited by circular arcs and logarithms ; but 
when x — i, the fluent of t he fame fluxion will be exprejfed by the 

infinite feries i — —- 4 ----—j-&c. the fum of this feries 

therefore can always be found by circular arcs and logarithms . 


LEM. II. 

To find the fum of the infinite feries 

— &c. 


a 4 ” b 


l . r 4 ~ I r+ I . 2r 4- i 


+ 


a+ ib 


Q.r+1 . 3r+x 

Affume i — __1-—— 

r+ i zr+ i y-{- 1 

r-j- x 2 r + i 


+ &c. . = S ; therefore, 
f &c. ... ~ S. 


(A) i-===== + 

I . r 4 -1 r 4 - I . 2r 4 - i 2r + 1 • 3 r ~r i 

In the firft: feries, add together the ift and 2d, the 2d and 3d, 
&c. &c. terms, and the refulting feries will evidently be equal 
to twice that feries minus t he firft term ; therefore. 


(B), 


4 


I • r + 1 r 4 - I . Zt 4- I 2 > + I . 4~ I 

i i 

~ i+t 2 +: 


&C. ... =r 2 S — I. 


Now ( 2)1 


: -f- : 


or 


r ' r I . r-fl 1 r+ 1 . 2 I 2?' 4- I . y 4- 1 

1 2 . o 


&c.. .. 


r ‘ 4 - I . 2r 4- 1 2 r 4 “ I • V 4 - I 


+ 


I » 1 4 " 1 r 4 ” 1 • 2 ’ 4 ~ 1 


4“ &C* 


&c. . . . 


Now 
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Now the fum of the lower feries, omitting the firft term, is 


S I 

equal to — B divided by r\ or --; hence, by tranfpo- 

fition, and, multiplying both fides by b, we (hall have,, 
=-L= - =£- - s . + &c.. . = —+ alfo by 

r+1 . 2r+i 2r -j-1 . y-\-1 r r ■ 

multiplying B by ^ we have 

2 aS-« 


See. .... ; fubtradfc 

I . r+ I r+ 1 . 2 r + I ' 2r+i . 37- + I - r 

the laft equation, but one from the laft, and we fhall have 


a + b 


+ -• 


a -f 2 b 


— &c. ... = 


2 ra—r + 2 JxS-w + r+l . h 


I . r+x r + i . 2r + i 2r+i.y+i 

Cor. i. Hence it appears, that the fum of this feries can 
never be exhibited in finite terms, except a : b as r + 2 : 2r, in 

which cafe the fum is equal to - 


r 4 2 
. — * . . 3 


Hence, if a — 2 y b~ 2,thenr= 1 ; .*.- 2 —+ c.. . . = 1 

3 1.2 2.3 3,-4 


_ 4 . . S 


.9 + . T 3 


17 I 

+ & c «• • • • — ^ if 


if. = I ,2 = 4,then,--,. s 7 

ifa= 4,2= 3,thenr=-; —— -—-— + ——-■■■—--; 

5 5.11 11.17 17*23 23.29 20 

Cor 2. Put a =*c - and we (hall have, after tranfpofition, 

c c+b 


r-f 1 .. 2 ^+ 1 2r 4 -1 • 3 r + r 


*4? &c». • • » 


__ gr + 2 . b— 2rc X S — 2r4-i £ -H rr ^ £ 


r 4 r 


PROP. I. 


To find the fum of the infinite feries 


I . r +I . 2 I 
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Every feries of this kind may be refolved into the following 


feries 


a+ 2 b 


a + 3^ 


+ &c. for 


I.r+i r-f- I * 2r-J~ I 2r+i m gr-f i 4 I . 4?' 4 1 

if we reduce two terms of this feries into one, it will become 

2ar — b _^ 2rg-\- 2 r— I >k ^ 2 f 7?4 4 ? ~~ I . b ^ 

I . r+ I . 2r + I 2 ^ + 1 • 3 r + I • 4 r + 1 4r+ * • 5r-+ 1 • 6r+ I 

where the denominators being the fame as in the given feries, 
and the numerators alfo in arithmetic progreflion, we have 
only to take a and b fuch quantities that the refpe&ive nu¬ 
merators may be alfo equal; affiime, therefore, zra b—m, 

zro + zr — i . b — m-\-n\ therefore, b~ which 


fubflituted for a and b in lem. 2 . gives 

m ^ m'+n __ m + an _ ^ ^ 

I . r + I . zr+ 1 2 r+ I . 3r+x .4+1 4r+ I . fffT. 6 r + I 

— 2rw ~ r+j. • ” x Sq- — +1 ' n ~ %rm . 

~ 2r j 4 ’ 3 

Let r — 1 , and we have 

^±L + fl+lL + & c .... + 

1 . 2.3 3 . 4.5 5 . 6«7 4 

If ~ i ? = 3> —-— + •—~—- 4 -— 7 —" 4 ... = ^ *“ 2 S; 

^ 1 . 2.3 3*4*5 5*^*7 4 

#2 — 1 9 # 5=5 oj-- 4*-——"4*-— 7 —~4• • • = S—-• 

1.2.33*4*5 5* 6 *7 a 

Let r= 2 , and the feries becomes 

__"L_ + ^l±L + _^±^ + &c. ... =^zl n x S + 5 ^7if- 

i-3*5 5*7-9 g*”*^ 16 3* 

If /» = I, » = 1 , —-—i--—1- - —• 4- &c. ... = 4 + ■—* 

9 9 i-3*5 5*7 *9 16 32 

m—i, n = o, —i— 4---1- t~— + & c * • • • ~T~k' 

Let r = 5 , and we fhall have 

_^_ + _^+,!L_ + _f± 2 -L_q.&c.... =1^173-% Sq-1^7i2f. 

I . 6 . IX T II • 16 .2I~2I . 26 . 31 I2S 5°° 
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3 93 


If/K=x, »= I, —T~-—4* +“—4--+&C... . rr-^-xS+4- 

i.6.n x1.16.21 21.26.31 125 500 


1 11, 

m—l t n~0, —+ —- ? -1- T -+&c. 

1.6.11 11. 16.21 21.20.31 


25 SO 


Cor. If zr 1 r + 1 :: n : m. the fum of the feries can be ac¬ 


curately found, and will be equal to -— -L~ 
m = r+1, and then n ~ 2r, confequently 


Let therefore 


—+ ■ — + ^ =-- • - 3 cc. .■». = ; 

I . 2 r + 1 2r+I.4.r+l y + I . hr + I - 2 r 

*which is alfo known from other principles. 

P R O P. II. 

To find the fum of the infinite feries — 4 -' 

J J J J r+i . 2r-fi . 3r+i ' 

w + ” | + . 'j & c< 

3r-f I . 4r+ I . 5^+ i 5?-+ i . 6r+i . l 

This feries refolves itfelf into 

r+i. 2 .r+i zr+l.y+i 3' + 1.4r +1 

for by redu&ion, as before, it becomes 

2 cr—r+ 1 . b _ 2<r-f r— 1 , £ + 2 cr + 3 r — I . b ^ 

r + I . 2 r +7 . 3 ' + I 3>- + 1. 4 r+ I . S'- + I 5 ^+ 1.6r+ I . 

where the denominators are the fame as in the given feries, and 
the numerators in arithmetic progreffion; affume therefore 

zcr — r + 1 . h~ m, zcr + r — i.bezm+.n, hence b=— t 


zrm 4 r 4 I • n 


which, fubflituted in cor. z. lem. z. give 




- 4 ' -- - -- — — - .■ ; ■ ^ 

r+i . 2r+ 1 • 3 r + 1 3 r + 1 • 4' + » • 5 r + 1 5^+1.6r-P 1.7;-+ i 

2r+i . n — 2 rm kj> q f irm—^r 4 i * n f 2 y?n — r — i * n ^ 

1 " ~ w J' 1 •> 1 " m 2> 

2r 3 4 r l 4/ .r-f I 


Vol. LXXII. 


F f f 
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Cor. i. In prop, i. fubftitute a for m, and zb for », and we have 

a f a J r%b a + $b 


*{’• See * ^ vi 


-- - —— - -r ——====== 7 —y 

+ 2? + i 2r 4? i . 37*4- I , 4r + x 4 r 4 * I • jr 4 -I * 6 r + i 

r<j~r4-i J w c f 2 r 4 ~ I • b-~t*a 
r ? , x 5 + - 57 T * 

Alfo in this prop, fubflitute a + b for m, and zb for », and we have 


< 7 + b 


+ 


» + 3 * 


r+I . ar+l . 3r+i y + i . 4.7- + 1 <$r+ I 

ra+i . 


*{- &C. < .. • 


r+ x .b — ra c t ra—Zr -f 1 . £ 

---xbf-- 


2T Z x r-fc i 


Subtract this latter feries from the former, and 

a a^b a + ib 

- . --- 4- * 


1 ♦ r-f I- • 2* + I f+i. 2r+ 1 . y 4- 1 2 r 4 -1.37-4-1 • 4^*f I 

r.4-1.2^ ^ g ^ 2* 4 -l*b — r a_^ ra + 2 b 


* &C* # » * 


Let r= 1, and we have 


2 r* x> +1 


a-f-'i , a-f-2& 


+ 


1.2.3 2.3.4 * 3 - 4-5 

i 1 


&c. . . . = 2 a -4^ x S-f 


n b—$a' 


If = 1, £ = o, 


. — Sec .... —- 2 S “■ 3. * 


1.2.3 2*3-4 3*4*5 4 

a- 1, 3 - 2 , — ~ —-f- + —-dec.-. .-. -• 12 - 63 .- 

1-2*3 2 *3*4 3-4*5 4 

Let r — 3, and we have. 

+ -&c. ... =^zf & xS + l^z 33 f. 

1.4.7 4 • 7 • 10 7-*°- 1 3 27 216 


Ifd=I,£- 0 , —y 
a~.\,b— 1, 


+ 


4 -7 -io 7 . 10.13 


— See.. . . =1 S 


-- See .... 


n 

9 72’ 

_^_ 3 _ Q • 

1.4.7 4 - 7 * *0 ' 7*10.13 54 27 0 * 

If, in.(lead of fubftituting in prop. i . zb and « for« and 
we had fubftituted two other quantities, as zr and j, and then 
proceeded as above, a feries would have been formed, the nur 
merators of whofe alternate terms would have formed each a 
a feparate arithmetic progreflion, 

2 If 
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If the latter feries had been added to the former a feries 
would have been formed whofe terms would have been all po~ 
fitlve; but as I purpofe, in the fecond part of this paper, to 
give a general method of fumming all fuch feries, I (hall not 
ftop here to apply this method of inveftigation. 

Cor. 2. In proposition 2. fubftitute a for m, and 2b for 
n , and we (hall have 


'lb 


■& c. 


r+i . 2 ^ 4-1 . y 4 - I 


* 2^4*1 • b — ra c ra — or 4- 1 . b 

■-1~ x 4-Tl - —~~ 4 


+ i. 4 r + 1 • S r + 1 

*77 — r— I . £ 


^ • 2 r z . r4- i 

Alfo in prop. i. write a ~~b for tn 9 and zb for n, and there refults 


a-\-b 


[ 4 - 3 ^ 


2r 4 - 1 . y 4- 1.4r 4-1 4r4-1.5? 4-I • 6r4* 1 

a—h 


+ &COt • • » 


n 7 — 2 r 4 -i.£ 0 t r+l.^ — * 7 * 

-:*.- - x S + 


2 r* 


r+ I .2r 4-1 


Subtract this latter feries from the former, and we fhall have 

_ a a-\*b ^ a-\-zb 

r+ 1 . 2^ + I • I 2r 4- I . 3^ 4-1.4r+ 1 gr4- 1.47-4- 1 . jr 4- 1 

a-~b 


-&c. .< 


2 r 4 -i. 2 ^—2r^7 e , ra — 3 ^ 4 ~ ^ • b ra — r— 1 . £ 

r 3 2r z .r-M I • 2r 4- 1 


PROP. III. 


To find the fum of the infinite feries 


m 


I . r + I . 2r 4-1 . jr 4-1 


m^n 


. m 4- 2 n 


zr 4 " 1 . 3 r + 1.4M- 1 • S r + 1 4 r 4 -1 • 5 r + J • 6r+ i . 77*4-1 

This feries refolves itfelf into 

a-\-b a + zb 


+ See. 


i.r+i.2r+i r+I . 2r+1.3r+l zr+ I. $r+ i . 4?-+ j 

for by reduction it becomes 

F f f 2 


-See. 


ya-h 
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T a ~ h _ i 3 ar + 4 - - > . t> 


I.rf i,2r +1 * 3^ 4 i 2r 4 i . y 4 x . 4^4 x . 57 4- 1 

4* &c. 


*1# 


3 ^r 4 - 8r— 1 * ^ 


4r+ I . 5> + I . 6 r+i . 7 'r 4 * i 

where the numerators are in arithmetic progreffion, and the 
denominators the fame as in the given feries; affume therefore 

o 4 rm -j -n ^ 


ya —b = m , ya + \r — i . b — m + n , hence b — ~ , a \ 


n 

4 r 


12 r 




fubftitute thefe values into cor. x. prop. 2. and we have 

in n 


m 


+ 


I , r 4 1 • 2 41. y 41 2 r 4 1 • 3 r 4 1 • 4 r 4 i • S r 4 l 

. 5 ±i? ..+&c... . =£2ri±Li?' >< s + 

4 r 4 I . 5 r 4 I • 4 i . ?r 4 i or 


3r4 i .n — 2rm ^ rm + n 
6 r* ~~ 6 r 3 . r 41 

Let r = 1, and we have 
m ( 4 n m+ 2 tt 

i.2.3.4 + 3-4-5*6 + 5". 6.7.8 

I I 


If w:=i,»=i» 




4 &c. • . , 
1 


_ 4 m -~S n y s + 7 ®- 5 « 
6 12 


1.2.3.4 3..4.5.6 * 5.6 • 7 . 8 
1 2 3 


+-&c. • • », rr - S — - 


1 , 


2.3. 4* 3.4.5.6 ^ 5.6.7.6 

- JL - + r-^Vz + : 17 


-&c. 


12 ' 

i-_ I g. 
6 6 3 * 


x.2.3.4‘ 3.4.5.6 ‘s.6.7.8 + &c -a S; 


Let r= 2, and we have 

m . m+n m 2 n 


m+n 

: + -r~z r rr + . 


x. 3.5.7 5 • 7 • 9 • 11 9 • 11 • J 3 • J S 

If ct= 1,»=3, r - „ 1 , ■ : -f „.: ■ . . + 


+fe.... = ^ xS . 


12 


288 


_7 _ 41 1 

•o*5* 7 ’ 5 • 7 • 9 • 11 ‘ 9 • 11. 13. i5 +&c ; 588~6’ S J: 




1 . j t 1 1 r 

I • 3 • 5 • 7 + S • 7 • 9 -I I + 9 • 11 7TJ7T5 +&c ‘"'~r2 S - rs 


m: 


:i9, n— 16. — 


19 


35 


+- 


Si 


-F&c. ..... — - s. 


3-5-7 *5-7 -9- 11 9-ii- 13 - rj 4 , 

Cor. Ifn itn as y : y + 2, the fum of the feries can be accu¬ 
rately had; let therefore n = 4r and = 3;- + 2, and we lhall have 
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m 


3 r + 2 


7 r + 2 


*4 &G$ • ft ( 


I . r-i- I • 2r + I . 3r + I 2.r + I . 3^+ I . 4I . 5^ I 


If r — 1, 


*3 


i / » , *{~ &c ■ • . • •— 

I .2.3.4 3 - 4 ' 5 -G S -t>- 7*9 4 


2r. r-f 1 
I ^ 


r—z 


6 -- 2— 

’ 1.7.13- 


? 1 - 3 - 5-7 5.7 .9. 1 1 '9. 11 • !3 15 

5 . . 11 .._ 17 


~f" &c.« • • 


96’ 


_.1 See — © 

7.13.19• 13.19.25.31 '25.31.37.43 *■** _ 336 


PROP. IV. 

2 o find the fum of the infinite feries 


m 


m-\-n 


r 4 I . 2r-f- 1 . 3^ + 1.4r + I 


+ 


3r 4 i . 4r + 1 . y+ i . br+1 5 r + 1 • i • 7r + i • 8r + i 


+ &C. 


This feries refolves itfelf into 

a a -f b 


a~\-2b 


r -f i . 2 r+ 1 . y+ i %r + i .3^+1.4r+ 1 gr-f I . 4^+ 1.5r+ 1 

for by redu&ion it becomes 


3 ra — r 4- 1 


-&c.. 

+ 


jr^-4 37 — i . b 


■ + 


1 . 2f“H I • 3^-h I . 4r-{~ 1 

f &c. where 


2r<f + 7r— x . b 


3r+T. 4r+ 1 . 5r+ I . 6r+ I 5r+ i . 6r+i . 7?-+ X . 8r+ I 

the denominators are the fame as in the given feries, and 
the numerators alfo in arithmetic progreffion ; put therefore 


ya — r + i . h~m, ya +y - i . b = m + n, hence b 


A r 


a ■ 


+ which, fubftituted in cor. 2. prop. 2. give 

1 2 t 


m 


+. 


m-\~n 


rAy 1 , 2 r+ i . 3^ -4 i . 4^4" 1 3r+ 1 • 4r+ i . 5 r + 1 • & r + i 

Sr + 2 .7? — -4r w g 


-j- &C« « • • 


6 r 4 


arm— 4r+i . « , 2rm — r- 2 .n 4 rm — 2 r — i .n 

+ --+ ---- 


6r 4 


12 . r 3 . r + I 12r 2, * r-J- I • 2r ~|-1 


Coa 


* Vide dp moivre’s Mif. Anal, pag. 134* 
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Cor. i. In prop. 3. write a for m and 2 b for n, and we have 


+ 


<2 4 “ lb 


4- &c. . . . = 


1 , r+ I . 2 r-f- 1 . 3 ^-f 1 2r + i . y-\-1 .4r-j-i . 5 r+ I 
2 rn — y+z.b q ( y+l . b — ra ra^ + 2 b 

X 3 r4 6r 3 . r +1 

Alfo in this prop, write a + b for m, and zb for n, and we have 

.- g + -- 4 - &e_= 

r 4 I . 2 r+ I . 3 r + i 4 4 r-f- I $r 4 I . 4 I . 5^ 4 1 • 6 r+ I 

7 ra -f* b 


3r -f 2 . ^ — 2 ra ^ q ra~~ 3/4-1. b raw'll 
~ iTz y z)-\ —t — + ■-=== 


3 r<+ ' 6r 3 . I 6r 2 . r+ I . 2r-)~ 1 

fubtradt this latter feries from the former, and we have 

a a+b 


* 4 * &C* • • . — 


1 . r- 1 - 1 . 2r+i .3^+1 r-f I . 2r 4 1 • 3^4 I . 4 r4 1 
4 ra —3 r-f-2 • ib ^ q f 37*4 1 . ib—ira ra + 2 b 2 ra + b 

—J XH -3 ' , — 


3 r " ' 3 r ’ 

Let r— 1, and we have 

<2 <74*# <742^ 

: +' 


3r 3 . r 4 l 6r 2 . r 4 1 * 2 r 4 1 

4 < 7 —IO b 83/? —32? 


, , -&c. . . . r:——— X S 4 -- 

1.2.3.4 3 - 4-5 3 • 4 • 5 •6 3 36 


If a zz 1, £=co, 
42=3, i=-i, 


1 


: 4 : 


-&c_= ts_ - 


1.2.3.4 2.3.4.5 3.4.5.6 

! — -- 1 --—- — &c. . .. n - S — . 

1.2.4 2.3.5 3-4*6 3 36 


Let r==3, and we have 

a a + b a+2b 


~ — &c.. . 


1.4.7.XO 4.7.10.13 ‘ 7. IO.13.16 

j__ 2 _ 3 


_!2a —22^ xS 1027/1-1560 


If a — I, b— I, 


a= 4 ,b= 3 . 


243 3 • 81 • 56 

871 10 „ 

_ g ce _{__ ^ , o 

i.4.7.10 4.7.10.13*7.10.13.16 3-81.56 3.81 * 


-to.... = ' 3 - 2 -s. 


1. 7.10 4. 10.13 7.13.16 72 27 

Cor. 2. If <z: b as gr -f 2 : 2r, the fum of the feries can be ac¬ 
curately found; take .*. a = y + 2, and b = 2r, and we Ihall have 
_ 3H-2 _ 51-4-2 . „ 1 


i .r+i . 2 r+ 1 .31-+1 r-fi . 2>-+ 1.31-+ 1. 4r4-I 


, » , —- 


r+I.2r+I 


If 
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r— i,--— 

1.2.3. 

r= 2, 


3.4 2.3.4.5 3.4.5.6 

2_3 , 4 


*■ &c<... ~ 


60’ 


- — &C *—■ * 

3*5*7* 9 * 5.7.9* 11 * • • • — 15 5 


* • 3 • 5-7 

r==2 11 _ *7 1 2 3 p. r __L 

^1. 4.7.10 4.;.7-. 10.. 13T7.ro ..13. 16 ■■ -28 


PROP. V. 


'To find the fum of the infinite feries 


m 


m + n 


r. r 4-1 . 2r 4- 1 * 3 ^ 4 “ 1 • 4r 4 -1 
m-\- 2 n 


+ 


► &c* 


2r+ I. jr 4-1.4r 4- 1. $r + 1.6 r+ 1 47" 4-1. $r 4- 1.6r 4- 1,7r+ 1.8r 4--1 

This feries refolves itfelf into 


I . r+ X . 2r+ 1 . 3 r+ I 


a4~b 


a + 2 b 


r 4- x . 2r+ 1 . 3r4~ 1 .47-4- 1 ’ 2r4* 1 .37-4- 1 .47- + 1 . 57-4- 1 

4 ra — b 


— &c.; for 


by reduction this feries becomes 


4+ 1.. £ 


r+i 


I . r 4 * i . 2r 4 - 1 . y -f I ,47-4-1 

4- &c 


+ 


4 rtf-f- 12r— x , b 


2 r+ 1.37"+ 1 * 4 ^ 4 - 1 -5r+ 1. 6 r 4 * t 4 ^ 4 - 1 * 5 ^ 4- 1 •tr+ 1 . jr+ 1 . 8 r 4 - 1 
where the numerators are in arithmetic progreffion, and the 
denominators the fame as in the given feries; affix me therefore 

n 6 rm 4 *n 

SI —- 1 

:.2~ ? 


4ra ■ 


h~m,4.ra + 6 r — i.h — m-\-n f hence b~—,a 


6 r 247" 

which values being fubxHtuted in cor. i. prop. 4. give 

m , m+n 


1 ,r -\-1 .2r + 1 . 3 r 4 - J • 4 r + x 2r+ i > 3 r + 1 ‘ 4 r + 1 > 5 r + 1 • + J 

<xrm— 2r-j- i . n n 4r-p -t • 7? — 2rw 6 rm-bqn 2 rm 4 r n 

- x S 4* . ' ' 


-&c.... . 


6 r 5 ' I2r> 

Let r— 1, and we have 


72 . r 4 . r 4’ 1 247^ . r 4* 1 • 2r 4 1 


7/7 + 77 777+- 277 

;+t y ,+Se-c. 


2 ,«2.3,4.5 ~ r 34 4. 5-6,75.6.7:. b.. 9 


2.777— 277 „ 2 xn— 16 m 

- - 7~~ X S + - - . 
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lfmzz;i 9 nzza, 
n'zz 15 
m— 4 , nzz 2, 


x• 2.3.4.5" r 3.4.5.6.7 "^5.0.7.8.9 

I 2 *2 

-+'- J — 


-&C. « 0 


-s - % 
3 9 


_ I I Q c 

* — 1' --—;-1- 7 -“o—" -f&C* « • • — o —* *7 

i* 2 * 3«4* S 3.4.5*6.7 5.6,7.8*9 8 6 

1 . 2 . 3 .5 + 3 • 4 * S • 7~*~5 • 6 • 7 9 + &C ‘ * * * ~ 3 S_ 36* 


m 


=25,8=16, 


-£5- + - +&c . = Is. 

i.2*3*4-53*4-5‘ 6 ’75*6.7.8.9 3 




772 + ^ 


Let and we l» 

2+!I_+&c.... 

_ ~ ~ t « 1 1 r\^t O A t OA 


+; 


9 . II . 13 . 15 • I 7 

I 


Ife=i,«=o ; 


-+- 


192 

rh 


24. 120 


1 11 

•f See.... — -S- 




1.3.5.7.9' 5.7.9. 11 . 13' 9 * 11 *i 3 - I 5* I 7 ' 48 24.30* 

1 1 1 


•+: 


1 7 


’1 • 5 • 7 • 9 r 5 • 9 - 11 • 13 ' 9 • J 3 • !S • ‘7 ' 96 24.60 

Cor. If « : m as ir : zr + i, the fum of the feries can be accu¬ 
rately found ; affume therefore n ~ zr, m = zr + 1, and we have 
1 1 1 

_l_____—_1 <!— —. -- - - 

6 .r.r+l.2r-t-i 


I • r + 1 • 3 r 4 * 1 • 4 r + 1 ‘ sr+ 1 .y + 1 .£r+ i. 6 r-f-x 
1 . 1 . 1 


+ &C. 


If r — 1, 


1.2.4.5 ' 3.4.6.7 T 5.6.8.9 "** ^ C * * * * 36 * 


3 ? 


: + 


1.4.10.13^7.10.16.19^* 13.16.22.25 ^ c ' * * * 504* 


Having thus far explained the method of fummation 
of fuch feries as I propofed to treat of in the firft part of 
this paper, I truft it is not neceffary to fay any thing fur¬ 
ther, as the fame method of proceeding will manifeftly con¬ 
tinue the feries to any propofed number of factors in the deno¬ 
minator; I fnall therefore conclude with pointing out a re¬ 
markable property of thofe feries whole fum can be accurately 
found : that when the number of factors in the denominator 
as even, the numerator is always equal to the fum of the two 
5 middle 
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middle fa&ors; and when the number of fa&ors be odd, the 
numerator will be equal to the middle factor, and confequently 
will take it out of the denominator, and leave a feries whole 
numerators are unity, and wliofe denominators Want the mid¬ 
dle fadtor. 

The method of fummation of feries here made ufe of may 
alfo be applied in inveltigating the films of a great variety of 
other feries; but as a further application of this method would 
carry us beyond the limits to which this paper mull be con¬ 
fined, I fhall re-affume the fubjedt at fome future opportunity, 
and proceed immediately to the fecond part. 


PART II. 


PROP. 


To find the Jum of the infinite feries 


n . n-\-m . n + rm 


+ 


— - ■j= s====gr- gff:..r + - —— -+ &c. when the laji dip 

n + m •.. . 1 • m n'rZm.*.*n'\‘r+ 4 2 ,.m 

ferences of the numerators become equal to nothing. 

Affume a-\-nb+n ,n+m . c + n . n + m .n + zm. d+Scc. to 

any number (r) of terms ; then, if for n we write n + m, n + 2 m t 
n+s m f hcc. fucceflively, there will refult a feries of quantities 
Vol. LXXII. Ggg whole 
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whofe rt h difference is = o ; fubftitute, therefore, this feries of 
tjjuantitles for p, q,s,&cc. refpe£tively, and the given feries becomes - 

aArnb+n . n + m . r-f &c. , a + n + m * A + ■» + 2^ • £-f&c. f 

-=====-H-==- - . ~"' r + 

n.n + m - n + rm n +m . . .., n + r+i . 

aA~n + 2w . b 4- w-j- 2^2 . T'-\~y/i 
n + ?jn . . ^ * n + r 4* 2 . w 

which manifeftly refolves itfelf into the following feries 




h. 


- —- , „ — . ======= - r - - 

n . n + rn .... n-rr/n n +m ... * n + rAr 1 * m nJ r ••*.« + r+ 2 . m 

b _ b _ + b 


-&c a 


--- —- -==-» T-— 

n Ar m • * • • n+rm n+ 2m . • . *n + r+ 1 . zw »-j- 3//Z. f . .» + r*{’2 . /» 


-f&c. 


» + Zm . . .. « 4 - 






-rrn n + 3^ . . • . »*f r -f 1 • m n A- *•••* + r + Z + tn 

See* &c. &c. 

where the number of feries isr, the fum of each of which being 
taken by a well known rule, the fum of the given feries becomes 
a _ ^ b _ 

n . n+m\ , . . n+r~ 1 . m .m.r n + m .. . .n + r— 1 . m.m. r—i 


n + 2 m .... « + I .m.m *r — 2 

where the law of continuation is manifeft. 


+ &c. 


case 1. 


’To find the fum of the infinite feries 


3 

1. 2 - 3-4 


+ 


6 - + — 12 —-- Sec. 

2 . 3 « 4 *S^ 3 ’ 4 # 5 # ^ 4 • 5 • ^ * 7 

Here n— i, tn—i, r— and the third differences become 
-o; therefore a+b->r2c = 3, a + zb-\- 6 c = 6,<» + 3^-f 12c = 1 o, 
confequently a=i, b - 1, c= f, and therefore the fum fought 

wU1 be rffl + AF5 + “3 = P' 

CASE 
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case 2 . Ho find the fum of the infinite feries ^ ~ ~ + 

-—- 2 -‘ 3 4. 3 • 4 , s cc 

3,5.7 . 9 + 5 . 7 .9...11 + 


In this cafe « = 1, /» = 2, r = 3, and the 3d differences become 
— o; therefore « + 3 + %c = 2, a + + 15*:= 6, a + $b 4-35c = 12, 
confequently a= f, 3 = f, c= J, and hence the fum of the re¬ 
quired feries becomes — -1---1 i— = —. 

1 1. 3.5.2.3.4 3.5.2.2.2 5.2.4 24 


case 3. To find the fum of the infinite feries --1—-[. 

M 3 • 4 . • 5 • & • 7 • 

2 4 12 ^ I Q 

4.5.6.7.8.9 + 5.6.7.8.9.106.7.8.9.10.11 **"7.8.9,10. xi. 12 ■h^ c< 

Here » = 3 , = 1, r = 5* and the 4th differences become = o ; 

therefore ^ + 33+i2c + 6oi/= 1, #+ 43 + 20 c+120 </=2» 

# + 5b + 30c-}- 21 od— 4> <2 + 63 + 42c + 336^/= 12, confequently 

21 = — 54, b = 47, r = - 12, </= 4., therefore the fum of the given 

fenpc j~ -46 . 47 12 , 5 _ 61 

^3.4.5.6.7 . 5 + 4.5.6 7.4 5.6.7. 3 + 6.7.2.6 50400* 


case 4. To find the fum of the infinite feries + 

9 . __I . Slrr 

^ 7777 dTr 3 + 7.10.13.16 + ^ 

Here n— = r=^, and the 3d differences are = o ; there¬ 
fore tf + 3 + 4<: = 1, + 43+281: = 9, ^+73+7or=25, confe- 

fequently d = ^, 3 = ^, r = ~; the fum of the given feries 

will be TT^rryT 3.3T9 4,7.3.2.9 7. 3.9 — 2208 * 


Ggg2 


CASK 
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case 5. To find the Sum of the infinite Series y— — 


3 - 5-7 <9 


4 , 10 ,_ 20 

3.5.7.9 , 11 ' r 5.7.9.11 . 13 7.9 . 11. 13 15 ' 


In this cafe « = 1, *» = 2, r = 4, and the 4th differences become 
= 0; therefore <2+^ + 3^+ 15^= 1, <* + 3^ + 15C +105^=4,. 
a + 5 & + 35 C + 3 I 5 ^= i°» ^•+•7^+630 + 693^=120, confe- 

quently <2 = T V, £ = c ~ f, d— T ' T , and hence the fum of 

the given feries becomes-^- z +-2-___ 1 

& 1.3.5.7.2.4.16 3.5.7.8.3.16 r 

1 - , 4._ l _* JL’ 

5.7.2.2.16 7.2.48 384 * 


This propofition may alfo be applied to find the fum of all 
thofe feries whofe numerators being unity, the denominators 
Khali be deficient by any number of eorrefponding terms, how¬ 
ever taken : for as the product of all fuch factors muff form a 
progreffion, whofe differences will become equal to nothings 
if fuch products be a flumed for the numerators of the given 
feries having its factors compleated, another feries will be 
formed equal to the given feries, whofe fum can be found 
by this propofition. 


case i. To find the fum of the infinite fries -——1——-p 

— 1 + —V-^+ &c * 

2.3.5.7 3. 4.0.8 * 

By completing the factors in the denominators, and multi¬ 
plying the numerators by the fame quantities the given feries 

oecomes — — ——7 + -—— z -p -„ 4. & c - 

i.2.3.4.5.6 T 2.3.4.5.6.7 T 3.4.5.6 .7.8 + 

in which cafe n — 1, m = 1 , r = 5, and the 3d differences become 
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= 0; therefore a+b+ zc = r 5, a + zb+ 6 c = 24, ^ + 3/$ + 12c =35,, 
confequently ^ = 8, 5 = 5, o = 1, and therefore the Jum of the fe- 

* • ■ 1 • 8 . 

nes required is-— + 

1 1.2.3»4*5-5 


_5 _ | . 1 s Hi 

3.4.5.5 ' 2.3.4.5. 4 3.4.5.3 72OO' 


case 2. To find the fum of the infinite feries * . 1 h 


3 • 7 • l 3 5-9 

This feries, when completed, becomes 


189 


495 - 


+ 


IOQI 


+ 


1 • 3 • 5 • 7 • 9 • 1 1 

-*755 . . & 

3.5. 7 .9 . 11 .13 1 5.7.9.11.13.15 ' 7. 9. 11 . 13. 15-17 

where n—i,m = 2, r— 5, and the 4th differences are=o; 

therefore # + £ + 30 + i$d— 189, # + 3^ +150+105^ = 495, 

a-f $b +350 + 3151/= 1001, ^ + 7^+ 630+6931/=^1755» con- 

fcquentljr a — 96, ^ = 48, c = io, d=i ; and hence the fum of 

_. ., ...I°—, > 

,3.5.7.9.2.5 3. 5.7.9.2.4 5.7.9.2.3 

___i__== * 8 7 

7:»9 *2 .% 1890a* 


the given feries is -—§-4—— 

0 I - 3 *.s. 7 .9.2. 5 3 - 5 - 


case 3. To find the fum of 'the infinite feries 


1.4 - » 3 - 1( > 


+• 


+ , 


&c. 


4.7 . 16 . 19 7 . 10.19.22 

This feries refolves itfelf into 


+ 


1 ,4.7. 10.13'. 16 

--___* 3 Q --f -— -^B 8 .- + &c. where »=i,. 

4.7 . io . 33 , 16.19 7 .10.13 .16 .19 .32 


3*72=3, r=5, and the 3d differences =0 j therefore ^ + 4 + 40=070, 
12 + 4^ + 280= 130, 4+7^+700 = 208, from whence 4 = 54, 
6 -ziz,,. therefore the fum of the given feries is 

54-‘ 
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54 , 

i. 4. y * 10.13.3 7 - *0,. 13 -3.4 ‘7 -■* 10 • 13 -3 *3 

By this propofition we may alfo investigate the fum of the 
feries when there are any number of deficient terms in the 
denominators, and where the laSt differences of the numerators 
become equal to nothing; for if the factors in the denomina¬ 
tors be completed, and the numerators be multiplied by the 
fame quantities, their differences will Still become equal to 
nothing. 


case i. To find the fum of the infinite feries ~—- -—— + 


+ 


6 


10, 


+ ■ 


15 


-J-&C. 


*.4. 5.7 ' 3•s•"6.8 ‘ 4. b .7.9 ‘ 5.7:8.10 

This feries, by completing the factors in the denominators 
and multiplying the numerators by the fame quantities, becomes 

--———7 + — -r—r~r.-7— - + -—-— _ l6 f.-. a + &c. in which 

-i .2.3.4.5.6 2.3.4.5.0.7 3.4.5.6.7. 8 1 

cafe n—i, m= t, r = 5, and as the 5th differences are = 0; 

a 4- b + 2r + 6 d + 24? = xo, a + 2^ 4- 6r-+ 24/+ 120<? = 54, 

a 4- f + 12c + 601/ + 360^= 1 68, «+ 4^+ 2ot’+ izod 4- 840^—400, 

^4. ^^-h3or+2io^-|-i6Bo^ — 810, from whence a = o, 3 =ro, 

r = - 1, d— o, e=i, confequently the fum of the given feries is 

_ l , l - H 
3.4.5.3 T 5.2 180* 


case 2.. To find the fum of the infinite feries - - —--{■ 

^ * 3 * 7 '* 9 

_ U __ 1 _: .12.. 4.&C 

. 7.11. 13 1 7 - 9 - 13 • 1.5 * * 

5 


3 • S • 9 • 11 5 • 7 • ri. 13 * 7 • 9 • *3 • J S 

By proceeding as before this feries becomes 


*- 3 * 5 * 7-9 


t- 

35 



invefiigatlng the Sums of infinite Series , 


35 


99 


-f&c. where n = i , m — z, r = 4,. 


3.5.7.9.11 1 5.7. 9.11.13 
and the 4th differences =: o ; therefore a-±-b-\~gc-\- 1 $d— 5, 

tf -h3^+ I 5 f + I0 5^=35» < ! M-J^4-35< r +3 l 5 d =99r 

u-\ryfi-\- 6 gc-^r 6 ^:gd— 209j confequently <2= - 1, £=f, c = |» 


d— i, therefore the fum. of the given feries = — 


3.5 . 7.2.4 




-3- + -I- + _i-=JL. 

3.5.7,2.3.4 5.7 ..2.2.2 7 . 2.4 140 

By a method limilar to that made ufe of in this proportion 
may any number of factors be taken from the denominators of 
thofe feries delivered in part the firft, and’ alfofrom a great 
variety of others ; but as the examples here given muff be fuf- 
ficient to point out the method of proceeding in all other cafes, 
we- will proceed to the third part. 


PART ill. 


THE fum of every converging infinite feries, whole 
terms ultimately become equal to nothing; may always be 
exhibited by the fum of another feries formed by, collecting 
two or more terms of the former feries into one. This 
is not true, however, where the terms of the infinite feries 
continally diverge, or converge to any aflignable quantity, 

and 
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and are afFe< 9 ?ed with the figns +■, -, alternately: for 
■inftance, the feri.es f — ■* -f- £ - *- -f- &c. if we collect two 
•terms into one, beginning at the fir ft term, will become 

** - - dL. ~r -l— 4, &c. : If we begin at thefecond term’ it 

2.34.56.7 D 

becomes ~—|— 1 —j--h_ -4- &ci ; neither of which gives the 

film of the aflumed leries; but in this, and every other cafe 
of the like nature, a correction will be neceflary : to deter¬ 
mine the value of which, and from whence the neceffity 
thereof arifes, is the fnbject of this third part. 

LEMMA. 

If r be any quantity ‘whatever, then will ~ = - ~ - -f- ~ — h + 
,&c. ad infinitum. 

For ~ = -J- ~ (by common divifion').- - + &c. ad 

2 r r-\-r v v ' r r r r 

Infinitum. 

Cor. 1. Hence — — = — - &c. ad infinitum. 

2 r r r r r 

Cor. 2. Hence alfo A = 5 _ 5 + - - - + &c. ad infinitum; 

2 ,V V V V V 

and — — = _ ^ - - 4”- - &c. ad infinitum. 

2?/ ^ v v v 


PROP. I 

3 fhid— be the general term of a feriesformed by 'writing for 

m any feries of numbers in arithmetic progrejfion , and whofe 
figns are alternately + and — ; then if a feries be formed by col- 
5 letting 
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letting two terms into onei beginning at the firfi term , the fum of 
'the feries thence arifing will be lefs than the fum of the givenJeries 

by h- . If a feries be formed by beginning at the fecond Term , the 

fum thereof will be greater than the fum of the given feries 



For let — 

rn^m 

which, if we begin to collect at the firft term (the firft term being 
+ ) will be two terms to be collected into one, and which will 


n *f a 


»-f a . r + m 


be any two fucceffive terms of the feries, 


therefore give - - -= .1 ”. ==. for a general term of the re- 

rn-^mxn + a.r + m 

fulting feries. Let us now make n infinite, and then the deno¬ 
minator of this term becomes infinite, and the numerator 
finite; therefore the terms of this latter feries at an infinite 
diftance becoming infinitely fmall, the feries will there termi¬ 
nate. Now, by making n infinite in the given feries, the 
two fucceffive general terms at an infinite diftance become 

- — - ; confequently this feries is ftill continued after the other 

terminates; and the terms of fuch a continuation will be 


(as they begin with 


n^a 


rn^m n + a . r + m 


by making n infinite) 


i — - + See* which will alfb be continued ad infill, and 

rrrr 


whofe fum by the lemma is ^; confequently the given feries 
exceeds that which is formed by collecting two terms into one, 
beginning at the firft, by d- ; hence the fum of the latter feries 


q- h- will be equal to the fum of the former. 
Vol. LXXII. H h h 


If we begin to 
colleCt 
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colled at the fecond term, then will - —+ === £- ■ '— be the 

rri 4 - tn n + a . r + m 

two fucceffive general terms of the given feries to be collededinto 
one ; confequently the continuation of the given feries when n be¬ 
comes infinite will be — - + — &c. ad infinitum 

r r r r 

whofe fium, by cor. 1. to the lem. is — ; in this cafe, there¬ 

fore, the fum of the given feries is lefs than the fum of the 
feries formed by collecting two terms into one, beginning at 

the fecond term, by — ; hence the fum of the latter feries 

2 .r 

r- ~ will be equal to the fum of the former v 


Case i. Let the given feries he ~ - ~ + - - d q-&c. 

Here r— 1, n — 1, 2, 3, 4, &c. and m~\. Now;, if we begin! 
to colled at the firfi: term, the feries refolves itfelf into 

— _d- \ - Jl -&c. and the corredion, to be added, being 

2.34.56.7 ° 

1 , we have-1-— -&c. +-- for the fum of the 

2 2.34.56.7 2 

given feries. Now- 1 — —— —i__ &c. is well known to 

& 2.34.56.7 

be equal to —x + hyp. log. of 2 ; confequently the fum of the 
given feries is =: - ~ + hyp. log. of 2. 

If we begin to colled at the fecond term, the feries becomes 
-—4- —-p See. and the corredion, to be fuhtradled ., being 

we have —— q,_J_ 4. See.- -- for the fum of the given 

2 1 „ 2, 3,4 5.6 2 0 

feries; 
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feries ; but — —- 1 —4 — 1 ~ + &c. is equal to the hyp. log;, of 2 : 
1.23.45.6 1 yi 0 

therefore the fum of the given feries is= - ~ 4-hyp, log. of 2, 

the fame as before. 

case 2. Let the given feries be h - ~ -f & c . 

a J 3 5 7 9 

Here r — 2, n~i, 2, 3, 4, &c. tn= 1. Now, if we 

begin to colled at the fecond term, the feries becomes 

——4——4--—h&c. and the corredion, to be fubtrabled , 

x. 3 5.7 9.XI J * 

being -, we have 4 - — 4 — 4 - &c. - - for the fum of the 

4 1 • 3 5 • 7 9 • 11 4 

given feries; but——1—— 4 -—— 4-&c. is equal to a circular 
arc (A) of 22°f, whofe radius is unity; therefore the fum of 
the given feries = A - . 


P R O P. II. 

If —be the general term of a feries formed by writing for 

n any feries of numbers in arithmetic progrejfion , and whofe terms 
arc alternately 4- and -; then if a feries be formed by colleSiing 
two terms into one , beginning at the firjl term , the fum of the 
feries thence arifing will be lefs than the fum of the given feries by 

—. If a feries be formed by beginning at the fecond term % the 
fum thereof will be greater than the fum of the given feries by 


H h h 2 


For 
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For let 


x J r hi% 


- ±^ + -be any two fucceffive termsof the gl* 

w+n -f* a „ v 


veil feries, which, if we begin to collect at the firft term, will bs 
the two general terms to be collected into one, and will therefore 


» axv—awz 

give t = = —-= - = 

w + nv X w + »+ a . v 


for a general term of the refulting feries. 


Let us now make« infinite and then this term-will vanilla, and con- 
fequently the refulting feries will terminate at an infinite diltance. 
Now,, by making n infinite in the given feries, the two fuccef¬ 


five terms (as they begin with 


x + nz 
w + nv 


x + n -\-a . % , a . 

—by making n 

w + n ~b a . v 


infinite) become - - - 

/ V V 


this feries, ,therefore, is Hill continued 


after the other terminates; and. the terms of fuch a continua¬ 


tion will be - — - + - - - +&c. ad infinitum,, and whofefum 

V V V V 

by cor. 2. to the lem. is ~; confequently the given feries ex¬ 
ceeds that which is formed by collecting two terms into one, 
beginning at the firib, by — ; hence the fum of the latter feries 


+ —- will be equal to the fum of th 'sfdrmen Now, if we begin to 
collect at the fecond term, then will — be two 

w+nv w+n-j-a , 1 v 

general terms of the given feries to. be collected into one; con- 
lequently the continuation of the given feries, when n becomes 

infinite, will be — - + - — - + - —&c. ad infinitum, whole fum 

V V V V 

by cor. 2. to the lem. is - — ; in this • cafe,. therefore, the fum 

of the given feries is lefs than the fum of the feries formed by 
colle&ing two terms into one, beginning at the fecond term, by 
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—; : Hence the fum, of the latter feries - — will be equal to the 

%V %V 

fum of the former,. 


case 1. 


Let the given feries he 


3 5 7 9 


Here x — %, z = 2, w — i, v—i, 12 = 2,4, 6, 8, &e. Now, 
if we begin to collect'at- the firft term, the feries becomes 

—— 4- —— 4- —~ —1- See. and the correction, to be added, being 1, 
3-5 7 - 9 . ”;*3 ’ 5 * 

we have —-\—— + — -f- &c. H-1 for the fum of the given 

3.5 7.9 < xi. 13 & 

feries;. but if A = a circular arc of 45 0 whofe radius is 

unity, it is well known that —— + —L -f —?-p See. = x - A : 

therefore the fum of the given feries is 2 ~ A. 


case 2. Let the given feries he ~ -f — — d? 4 - See. 

1234 

Here w — 1, v~i, x=i6, z= 11, 22 = 0, 1, 2, 3, &c. 
Now, if we begin to collect at the firft term, the feries becomes 

JL__|—2—h -i-— + &c.. and the correction, to be added, being 
1.23.45.6 ’ t> 

—, we have +~i_ + _i_ 4- &c. for the fum of the given- 

2 I . 2 3 • 4 5 • 6 2 & 

feries ; but ^ 4- + &c. is equal to 5 x hyp. log. of 2, 

confequently the fum of the given, feries is equal to 

— ft-5 x hyp. log. of 2. 

Becaufe f the general term of the feries 

Wrfrttv xw + n+a, v 


formed 
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formed by reducing two terms into one, has its numerator inde¬ 
pendent of the value of, n , it is manifieft, that the numerators of 
that feries will be all equal. Now, if a feries be affumed, the 
numerators' of whofe terms are unity, and in every other 
refpect the fame as the feries in this proportion, that is, if 

— -_L=— be two fucceffive terms of a feries-, it is ma- 

w + nv a . v 

nifeft, that if every two terms of this feries be reduced 
into one, the general term of the refulting feries will be 

. where the numerator is a conflant quantity 

w-\~nv xw-f n-j~a.v * 

— av ; confequently the fum of the feries whofe general term is 

av x - aw%~ —^ — * s to t p e f um 0 f the feries whofe general term 

—* nv . ♦ * • 

as —-- — as vx — tvz to - u, or m a given ratio; 

it; + nv X iv + n + a . v 

whenever, therefore, the fum of the latter feries can be found, • 
the fum of the former can be found, and confequently, after 
proper correction, the fum of the feries in this propofition can 
be found. 

Hence, therefore, in the two cafes given above in whatever 
arithmetic progreffion the numerators may proceed, the fum of 
the former can always be expreffed by circular arcs, and the 
latter by the hyp. log. of 2. 

Hence alfo, as it’ appears from lem. 1. part the firft, that 

the fum of the feries * •—~ 4 — -- + &c. can always 

f r-f 1 2r-b 1 y 4-1 J 

be expreffed by circular arcs and logarithms, it is manifeft, 

that if the numerators form any arithmetic progreffion, the 

fum of fuch feries may be found by this propofition, and will 

always be exhibited by circular arcs and logarithms. 

Befides 
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Befides the feries contained in the foregoing proportions, a 
great variety of other feries might be produced where a cor¬ 
rection is neceflary, after collecting two terms into one, in- 
order to exhibit the true value of the given feries. As the 
.proper correction, hovv'ever, may always be found from the 
principles delivered in the above proportions, that is, by conf-» 
dering what the terms of the given feries become at an inf nite 
diftance, 1 (hall only add one or two inftances more, and con¬ 
clude what I at prefen t intend to offer on this fubjeCL. 

ex . 1 .. Let it be required to find the fum of the infinite fern* 

3.n-±.-j + U._6-_Z + &c.. 

1.2 a. 3 3.4 4.5 

This, by refolving two terms into one, becomes p -y- -ff. 

— H —{—H-&c.; and as the terms of the given feries- 

3 • 4 • S 5* & -7 

continually approach to unity, the correction, to be added , is 

b consequently + +J 7 S~; ~ &c - + f !s e< l l,al t0 

the fum of the given feries ; but by prop. 1. part I. the fnm of 

the feries “7^ +^ + is e T ial to 8S “ 2 ( S 
being the hyp. log. 2.) confequently the fum of the given feries 
Is 8S—i|. 

ex . 2 . Let it be required to find the fan of the infinite feries ■ 

hi — i/J. -j- i_’_i - ill + See. 

1.3 3*5 5-7 7*9 

This feries, by refolving two terms into one, becomes 

—4 —. 4. — -p — H -1_ See. and as the terms of the given; 

• 3 * 5 5 • 7 9 9 • 11 • 13 ' ' 

3. feries 
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Mr. vince’s new Method, Sec. 


feries continually approach to -, the -corre&ion, to "be added,. 

4 

8 12 + Sec. +4- is 


will be 4, therefore 


8 1 • 3 • 5 5-7*9 9* 11 • *3 8 

to the fum of the given feries; but by prop. i. part I. the fum 

4 - ' 8 12 - + &c. is equal to —S + (S being 


of 


1 • 3*5 '5-7-9 ' 9 • 11 •*3 ‘ ^ 4 ~ 1 8 

a circular arc of 45% whofe radius.is unity) hence the fum of 

the given feries is - S + -. 

4 4 


This method is not only applicable to thofe cafes, where the 
given feries refolves itfelf into another, whofe fum is either 
accurately known or can be exp relied by circular arcs and loga¬ 
rithms, but alfo to thofe cafes where we want to approximate 
to the value of the given feries, as it mull, in general, be 
neceffary firft to render the terms of the feries converging, by 
.colledting two into one, before the operation of approximation 
.begins, and confequently a correftion of this latter is neceflary 
in order to exhibit the value of the given feries. 
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Page* Liri$. 

72* 2* fir domunicafced read communicated 

77. i2* for mercury removed without catifiilg this to fife raw/ remove 

without cauhrtg the mercury to rife 

9. j&r fmaller towards the middle read larger towards the middle 

29 ii the laft line, jfor — raw/ + 

46 j* i 2. /*r — 54 read ~ 46 

^ ^ rn-\~m t to . 

4a§» 2. from the bottom, /^r —— raw —— ^ 

n rn 4 -m 
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